The Robust Model of Continuous Transportation Network Design Problem with Demand and Cost Uncertainties  by Cao, Jin Xin et al.
 Procedia - Social and Behavioral Sciences  96 ( 2013 )  970 – 980 
1877-0428 © 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
Selection and peer-review under responsibility of Chinese Overseas Transportation Association (COTA).
doi: 10.1016/j.sbspro.2013.08.111 
ScienceDirect
13th COTA International Conference of Transportation Professionals (CICTP 2013) 
The robust model of continuous transportation network design 
problem with demand and cost uncertainties 
Jin Xin Caoa*, Xia Xi Lib, Zheng Yu Wanga, Jun Wua 
aInstitute of Transportation, Inner Mongolia University, Hohhot, 010070, China 
bSchool of Mathematical Sciences, Inner Mongolia University, Hohhot, 010021, China 
Abstract 
In this paper, the continuous transportation network design problem with demand and cost uncertainties is studied 
while the generated trip between each origin-destination pair is deterministic. Propose a bi-level uncertain model 
with robust optimizations. In the upper-level problem, the costs of expansion are uncertain by adding random 
variables to the cost function coefficients. Every random variable belongs to [0, 1]. In the lower-level problem, 
the demand between each origin-destination pair is uncertain and belongs to a bounded interval and an ellipsoid. 
Then apply a genetic algorithm combined with the Frank-Wolfe algorithm to solve the model. Numerical 
examples suggest that the robust model with uncertain data has the advantage of operability and stability over the 
deterministic model. 
© 2013 The Authors. Published by Elsevier B.V.  
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1. Introduction 
In recent years a large number of literatures are developing the theory of robust optimization. Soyster (1970) 
proposed a linear model to construct solution that is feasible for all data that belong in a convex set. Kouvelis and 
Yu (1997) discussed the robust discrete optimization and its applications. Ben-Tal and Nemirovski (2000) studied 
the problem that the robust solution of linear programming problems contaminated with uncertain data. Bertsimas 
and Brown (2009) proposed a methodology for constructing uncertainty sets for robust liner optimization based 
on decision maker risk preferences. Ben-Tal, Bertsimas and Brown (2010) proposed a soft robust model for 
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optimization under ambiguity. Song and Luo (2010) developed a robust portfolio selection model under 
ellipsoidal uncertainty. 
The network design problem (NDP) has been recognized as one of the most difficult yet challenging 
problems in transportation. Historically, this problem has three different forms: the discrete network design 
problem (DNDP), which describes the problem that adding new links to the existing network, the continuous 
network design problem (CNDP), which deals with the capacity expansion of existing links, and the mixed 
network design problem (MNDP), which considers the DNDP and CNDP at the same time. The NDP with 
deterministic demand and costs has received a great number of studies. In fact, it is difficult to predict the 
accurate demand. So in recent years, researchers start to study the problem with demand uncertainties. 
For the DNDP, Bertsimas and Sim (2003) proposed an approach to address data uncertainty for discrete 
optimization and network floe problem. Lu, Yu and Bian (2011) built the basic model of CNDP, and solved the 
model with genetic algorithm. Liu, Song and Wu (2012) studied a single-period inventory problem with 
discrete stochastic demand. For the CNDP Barnhart (2000) developed a stochastic model to solve the user 
equilibrium (UE) problem and CNDP with demand uncertainties. Sumalee (2009) developed a continuous model 
with demand uncertainties under UE with stochastic programming theory. Sun et al. (2011) proposed a min-max 
model of CNDP with demand uncertainties under UE with robust optimization model and applied sensitivity 
analysis combining with the methods of sequence average algorithm to solve the model. Zhu et al. (2012) built a 
mixed model with demand uncertainties, which belongs to a bounded polyhedron. 
In fact, there is another source of uncertainties, namely the construction costs. The construction costs in the 
NDP which are not only determined by the characteristics of the NDP but also are affected by the behavior of the 
participants of the NDP.  
In this paper, the uncertain continuous problem is studied in two aspects with robust optimizations approach 
proposed by Melvyn (2004). On the one hand, assume that the demand belongs to a simple bounded set and an 
ellipsoid, respectively. So the demand changes in the disturbance interval of the predicted value, then the model 
can describe the actual condition in a better way. On the other hand, use a random variable to depict the 
uncertainties of construction costs. In this way, the decision makers still can apply this model when the capacity 
expansions increase. 
In Section 2, the definition of symbols is introduced. Then build an uncertain bi-level model based on the 
traditional deterministic bi-level model with the robust optimization approach. In Section 3, design a genetic 
algorithm and prove the existence of the optimal solutions, then state the process of the algorithm. In Section 4, 
solve two uncertain models and get the conclusion that the robust model is robust. In the two uncertain models 
both the random variables of construction cost belong to [0, 1], and the demand belongs to a simple bounded set 
and an ellipsoid, respectively. In Section 5, summarize the model, the algorithm and the result, and point out the 
direction of further research. 
2. The Mathematical Model 
In this section, the traditional deterministic NDP is transformed into an uncertain NDP with robust 
optimizations. The upper-level model of the traditional model is a minimization problem of total cost under 
deterministic construction costs. The lower-level model is a minimization problem of total travel time under UE. 
In this paper, the problem of the upper-level and the problem of the lower-level are transformed into uncertain 
problems. 
Random variables which belong to a simple bounded set are added to the coefficients of cost function in the 
upper-level model. In the lower-level, the demand changes in an interval. 
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Notations 
N    the set of nodes 
A    the set of links 
R    the set of origins 
S    the set of destinations 
rsK    the set of paths between r and s , SsRr ,  
rsq    the total demand between r and s , SsRr ,  
0
rsq    nominal value of the total demand between r and s , SsRr ,  
Q    the set of uncertain demands 
rs
kf    the flows on path k  connecting r  and s , rsKk  
ax    the total flows on the link a , Aa  
k
a    if the link a  on the path k , then 1
k
a ; or 0
k
a  
ac    the existing capacity of link a  
az    the expansion capacity of link a  
aM    the maximum capacity of link a  
),( aaa zxt the travel time function of the link a  
0
at    the free-travel time of link a  
B    the total budget of the investment of the network 
   the parameter of the uncertain demand 
)( aa zh    the cost function of the link a  
 
Remark: The cost function )( aa zh  is an implicit function. In order to simplify the problem, this function can be 
expressed with a linear form: 
 
 Aazezh aaaa ,)( .  
 
The ae  in the cost function is a constant about the construction cost of the link a . In this paper, it specially 
equal 1. 
 
The traditional NDP can be expressed by a bi-level programming model (Cheng, Yan & Guo, 2007; Gao, 
Wu & Sun, 2005). The upper-level model is a minimization problem of total cost under deterministic 
construction costs: 
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min  
Aa
aaaa zxtxZ ),(  (1) 
. .s t  
Aa
a Bz  (2) 
 
The lower-level model is a minimization problem of total travel time with deterministic demand under UE: 
 
min  
Aa
x
aaa
a
dxzxtF
0
),(  (3) 
. .s t  SsRrqf
Aa
rs
rs
k ,,  (4) 
 rs
rs
k KkSsRrf ,,,0  (5) 
 
r s k
k
a
rs
ka Aafx ,  (6) 
 AaMx aa ,  (7) 
 
In this model, constraint (2) ensures that the total construction cost not exceeds the budget. Constraint (4) 
ensures that the total traffic flow on paths between r  and s  equal the total demand between r  and s . Constraint 
(5) ensures that the flow on links is nonnegative. Constraint (6) shows that the flow on link )( Aaa  is the total 
flow on the path which through it. In constraint (7), )( AaMa  is an arbitrarily positive constant. 
The deterministic bi-level model can be transformed into a model with demand and construction cost 
uncertainties. The upper-level model is a minimization problem of total cost under uncertain construction costs: 
 
min  
Aa
aaaa zxtxZ ),(  (8) 
. .s t  
Aa
aa Bz)1(  (9) 
 
where ( )a a A  is a random variable which belongs to [0, 1]. 
The lower-level model is a minimization problem of total travel time with uncertain demand under UE: 
 
min  
0
( , )
ax
a a a
a A
F t x z dx  (10) 
. .s t  QqSsRrqf rs
Aa
rs
rs
k ,,,  (11) 
 rs
rs
k KkSsRrf ,,,0  (12) 
 
r s k
k
a
rs
ka Aafx ,  (13) 
 AaMx aa ,  (14) 
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 },],1,0[,|{ 0000 SsRrqqqqqqQ rsrsrsrs  (15) 
 
Constraint (2) ensures that when the construction costs are changing, the total construction cost still not 
exceeds the budget. Constraint (15) is an interval that the demand belongs to. 
3. Algorithm 
3.1. Related concepts 
The model proposed in Section 2 is nonlinear. The essence of the problem is that the upper-level model and 
the lower-level model affect each other. That is, it is greatly possible that the sub-model performance would 
decline when the other sub-model is improved. It is important to coordinate between them and make each goal as 
far as possible to achieve optima. For the actual application problem, different coordination measures should be 
taken according to the degree of understanding and the interests of decision makers. It is well know that the bi-
level NDP is a non-convex problem, and is difficult to get the exact solution. However, the genetic algorithm is 
an evolution arithmetic operator for the whole group, and focus on the set of individuals (Gen & Cheng, 1999; 
Zhou & Sun, 1999). So the genetic algorithm would be an efficient method to solve the bi-level model. We also 
need to consider how to design the fitness function, how to design the appropriate selection operator, the 
appropriate crossover operator and the appropriate mutation operator. 
In this paper, floating-point is used to code each individual. It is convenient to find the optimal solutions 
inside the feasible region. 
Use the upper objective function to be the evaluation function of individual, as follows: 
 
 
. .
)(
1)( j
i
j
i VZ
Vfit  
 
(16) 
 
Where jiV  represents the ith individual of the jth generation. )(
j
iVZ  is the corresponding upper-level objective 
function value. And it is obvious that two individuals have the same fitness function values if their upper-level 
objective function values are equal. 
Roulette wheel selection operator is applied to select which parents can be inherited.  
Single-point crossover operator is used to cross. Assume the crossing happens in the third gene, and 
operation is showed in Fig 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0.9 2.0 1.72.13.5 4.3 2.70.2 3.13.52.00.9
4.31.72.11.94.13.62.73.10.21.94.13.6
(a) (b)  
Fig.1. Crossover operator(a)the parents before crossing; (b)the offspring after crossing 
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Multi-point mutation operator is applied in this paper. In order to ensure always find the optimal solutions in 
the feasible region, a method that enable the individual outside the solution space to transform into another 
individual inside the feasible region is designed. 
3.2. Algorithm procedure 
Step 1: Generate initial sets of investment scheme with floating-point coding and get }{ 0 Aaza , and set 
1:k . 
Step 2: Apply the Frank-Wolfe algorithm to solve the lower-level problem for given }{ 0 Aaza , and obtain 
the distribution of flows, }{ 0 Aaxa . 
Step 3: Solve the upper-level objective function for given }{},{ 00 AaxAaz aa , and obtain the upper-level 
objective function values, and obtain the fitness function values. 
Step 4: Evaluate the fitness values. If the termination condition is met, then stop. 
Step 5: Conduct the selection operator, the crossover operator, the mutation operator and obtain the 
offspring. And set 1kk . Return to step 2. 
3.3. Algorithm analysis 
Definition: Let nRS  be non-empty and convex, Sx . If x does not belong to any link in the S , that is if 
1,0,,,1 2121 Sxxxxx , there must be 21 xxx . So x  be called the extreme point of S (Wei & 
Yan , 2003; Yuan & Sun, 1997). 
From the definition, the knowledge that the vertex of a convex polyhedron right is the extreme point of the 
convex polyhedron can be got. 
Theorem: Let nRS  be a polyhedron Sx . x  is the basic feasible solution if and only if x is the extreme 
point of S . 
 
nRx
min  )(xf  (17) 
. .s t  0)(xci  ;,...,2,1 emi  (18) 
 0)(xci  .,...,1 mmi e  (19) 
 
Theorem: Let X  be a convex set, x X . Let ( )f x  be a convex function on X . There be a feasible decline 
direction in x  if and only if x  is not the minimum point of the optimal problem (Yuan & Sun, 1997). 
 
Let X  be the constraint set of lower-level model: 
 
 
It is easy to prove that the constraint set X  is a convex polyhedron, so the vertex of X  just is its extreme 
point. And the lower-level objective function is a convex function on X , then the lower-level problem is a 
convex programming. For the convex programming, the minimum point of location also is the minimum point of 
global.  
 
,,,,|{ QqMxqffxxX rsaars
Aa
rs
k
k
a
r s k
rs
kaa  (20) 
},,, SsRrKkAa rs   
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Let *ax  be the optimal solutions of the lower-level model. The form of upper-level model is  
 
min  aa
Aa
aa zxtxZ ,
**   (21) 
. .s t  
Aa
aa Bz1   (22) 
 
This is a constrained programming about ( )az a A . In a similar way, the constraint set of the programming 
is a convex polyhedron, the upper-level model is a convex programming, which the minimum point of location 
also is the minimum point of global.  
Summing up the above, the existence of the solutions of the model can be proved. 
4. Computation Analysis 
Use the network of Nguyen and Dupuis (Fig 2) to test the model and algorithm. Particularly assume that 
only the capacities of the road number 5, 6, 10, 16 are expanded. 
Use BPR function to be the cost function, as follows: 
 
].)(15.01[),( 40
aa
a
aaaa zc
xtzxt
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                       
                                      Table 1. The data of the test network  
The number of link 0at  ac  
1 7.0 800 
2 9.0 400 
3 9.0 200 
4 12.0 800 
5 3.0 350 
6 9.0 400 
7 5.0 800 
8 13.0 250 
1 12
4 5 6 7 8
9 10 11 2
13 3
5 7 9
14 1512
3
19
1
6 8 1110
16
4
18
13
origin
oringin
destination
destination
2
 
Fig.2. The Nguyen and Dupuis network 
977 Jin Xin Cao et al. /  Procedia - Social and Behavioral Sciences  96 ( 2013 )  970 – 980 
9 5.0 250 
10 9.0 300 
11 9.0 550 
12 10.0 550 
13 9.0 600 
14 6.0 700 
15 9.0 500 
16 8.0 300 
17 7.0 200 
18 14.0 400 
19 11.0 600 
                                      Table 2. The nominal values of demands between each origin and destination in the test network 
O/D 2 3 
1 400 800 
4 600 200 
 Table 3. The total impedance of system under different ,  
B 100 200 300 400 500 600 700 800 900 1000 
0,0  70670.3 66791.7 65816.6 64961.8 64222.3 63600.9 63486.0 63422.1 63342.4 63286.8 
0,5.0  76013.7 69666.2 67833.2 66429.5 65286.1 64192.7 63687.3 63602.6 63504.8 63479.7 
5.0,0  76823.0 74825.1 73802.2 72911.6 71929.7 71016.5 69936.9 69290.6 68875.1 68190.1 
5.0,5.0  77757.1 76577.5 75324.7 74487.3 73681.0 72274.1 70993.5 69719.2 69096.5 68650.4 
Comparing the data in Table 3, the result that the expected value of total impedance of uncertain system is 
bigger than the one of deterministic system is obtained, but the uncertain system is more stable than the 
deterministic system. So the uncertain system is more reasonable when the demand and investment level cannot 
be predicted accurately. 
Table 4. The increment of total impedance under different ,  
B 100 200 300 400 500 600 700 800 900 1000 
0,5.0  7.56% 4.30% 3.06% 2.26% 1.66% 0.93% 0.31% 0.28% 0.25% 0.30% 
5.0,0  8.71% 12.02% 12.13% 12.24% 12.00% 11.66% 10.16% 9.25% 8.73% 7.75% 
5.0,5.0  10.03% 14.65% 14.45% 14.66% 14.72% 13.64% 11.83% 9.93% 9.08% 8.48% 
 
The data in Table 4 suggests that the uncertain system improve the feasibility of model, but did not lead to 
too much increasing in total impedance of system. The improvement of model is efficient. 
                            Table 5. The expansion capacity of every link (B=100) 
The number of link 5 6 10 16 
0,0  63.808333 0.508333 10.908333 24.775000 
0,5.0  10.312500 20.125000 18.212500 18.016667 
5.0,0  43.591667 4.0583330 52.350000 0.000000 
5.0,5.0  33.287500 10.750000 19.187500 3.441667 
 
Next, discuss the condition that the demand belongs to an ellipsoidal set (Sun, 2012). 
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Because of 0q , the ellipsoid can be measured by a polynomial as follows:  
 
 
The constraint model above is a quadratic programming. So this problem can be solved with soft Cplex12.4 
straightly. 
                                                           Table 6. The demand between each origin and destination  
O/D 2 3 
1 473.030 1092.120 
4 764.317 218.257 
 
From the Table 6, the result that the demand got from the ellipsoid *Q  which be measured by a polynomial 
has a smaller range than the simple bounded closed set Q  is obtained. So the impedance of model with the 
demand belongs to *Q  is smaller than the model with the demand belongs to Q , when the other parameters are 
equal. 
Table 7. The total impedance of system when the demand belongs to the ellipsoidal 
B 100 200 300 400 500 600 700 800 900 1000 
0  71451.8 68567.3 67367.5 66613.5 66388.7 66309.1 66293.4 66194.1 66169.2 66155.8 
1.0  71755.7 68853.2 67609.4 66869.7 66502.1 66399.2 66348.9 66244.1 66184.4 66179.3 
2.0  72054.6 70021.1 68181.4 67016.6 66662.0 66577.4 66367.9 66303.3 66224.5 66186.2 
3.0  72126.6 70157.2 68704.0 67838.5 66704.6 66604.8 66558.8 66469.1 66378.6 66322.2 
4.0  72310.9 70504.2 69474.5 68734.2 68023.7 67512.5 66849.3 66527.1 66426.1 66396.4 
5.0  72466.0 70625.3 69777.1 68967.0 68450.3 67647.9 66908.4 66661.6 66573.2 66465.7 
  Table 8. The increment of total impedance of system when the demand belongs to the ellipsoidal 
B 100 200 300 400 500 600 700 800 900 1000 
1.0  0.426% 0.417% 0.359% 0.384% 0.172% 0.136% 0.083% 0.076% 0.023% 0.036% 
2.0  0.844% 2.121% 1.208% 0.605% 0.413% 0.404% 0.112% 0.165% 0.083% 0.047% 
3.0  0.945% 2.319% 1.985% 1.839% 0.460% 0.449% 0.400% 0.415% 0.316% 0.268% 
4.0  1.202% 2.825% 3.128% 3.184% 2.463% 1.814% 0.839% 0.503% 0.388% 0.364% 
5.0  1.421% 3.001% 3.577% 3.533% 3.106% 2.018% 0.928% 0.706% 0.611% 0.469% 
 
The data in Table 7 and Table 8 demonstrates that the impedance of the uncertain model with demand 
belongs to *Q  is increase, but the increment is not too much. The improvement of model is efficient. 
 
 
 
 
 r s rs
rsrs
q
qqqQ 1)
5.0
(| 20
0
*  (23) 
max  
r s
rsq   (24) 
. .s t  *Qqrs   (25) 
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                    Table 9. The expansion capacity of every link (B=100) 
The number of  link 5 6 10 16 
0  40.050000 0.100000 54.625000 5.225000 
1.0  51.947062 0.000000 14.249960 24.712069 
2.0  35.654133 19.074133 28.574133 0.030933 
3.0  27.207386 3.801904 45.913787 0.000000 
4.0  28.795000 3.000000 33.475000 6.158571 
5. Conclusion and Further Research 
In this paper, by applying the robust theories, an uncertain continuous bi-level model has been built. In this 
model, the construction costs belong to a simple bounded closed set. For the demand not only to consider it 
belongs to a bounded closed set but also an ellipsoid. Apply the genetic algorithm mixed with the algorithm of 
Frank-Wolfe to solve the model. The calculation results show that the total impedance of system is increasing 
when the demand and construction costs change, but the model become more stable and feasible. Furthermore, 
the increment of impedance demonstrates that the objective function value does not increase too much after the 
demand and construction cost changing. The improvement of model is efficient. 
For the problem of dynamic network design, there are other uncertain forms about the demand and 
construction costs, besides the simple bounded set and the ellipsoid. There are different forms to measure the 
ellipsoid, such as 2-norm. In our report the continuous uncertain model has been argued, we will study the DNDP 
and the MNDP in next work. Algorithms of model are more flexible, such as mixed genetic algorithm, sensitivity 
analysis, variational inequality. 
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